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ABSTRACT 

We propose a ladder-operator method for obtaining the squeezed states 
of general symmetry systems. It is a generalization of the annihilation- 
operator technique for obtaining the coherent states of symmetry systems. 
We connect this method with the minimum-uncertainty method for ob- 
taining the squeezed and coherent states of general potential systems, 
and comment on the distinctions between these two methods and the 
displacement-operator method. 
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Coherent states are important in many fields of theoretical and experimental 
physics |jl|, 0. Similarly, the generalization of coherent states, squeezed states, has 
become of more and more interest in recent times p, ^. This is especially true in the 
fields of quantum optics and gravitational wave detection 0. 

However, one limitation is that, with the exception we describe below, essentially 
all work on squeezed states has concentrated on the harmonic oscillator system. In 
this letter we describe a generalization of squeezed states to arbitrary symmetry 
systems, and its relationship to squeezed states obtained for general potentials. 

We begin by reviewing coherent states and squeezed states. 

1) Displacement- Operator Method. For the harmonic oscillator, coherent states 
are described by the unitary displacement operator acting on the ground state [0, §]: 

D{a)\0) = exp[aa^ — a*a]|0) = exp 



— -a 



(1) 



The generalization of this method to arbitrary Lie groups has a long history 0, 0, |^. 
One simply applies the displacement operator, which is the unitary exponentiation of 
the factor algebra, on to an extremal state. 

As to squeezed states, this method has basically only been applied to harmonic 
oscillator-like systems 0, ^. One applies the SU(1,1) displacement operator onto the 
coherent state: 

D{a)S{z)\0) = \{a, z)), S{z) = exp[zK+ - z*K.], (2) 
where K^, K^, and Kq form an su(l,l) algebra amongst themselves: 

K+ = ^a^a\ K_ = ^aa, Kq = ^{a^a + ^), (3) 

[Ko, K^] = ±K^ , [K+, K_] = -2Ko. (4) 

The ordering of DS vs. SD in Eq. (Q) is unitarily equivalent, amounting to a change 
of parameters. (Supersymmetric extensions of the above exist ||10|| .) 

2) Ladder- (Annihilation-) Operator Method. For the harmonic oscillator, the co- 
herent states are the eigenstates of the destruction operator: 

a\a) = a\a). (5) 

This follows from Eq. (|^), since = D{a)a\0) = (a — a)\a). These states are the 
same as the displacement-operator coherent states. The generalization to arbitrary 
Lie groups is straight forward, and has also been widely studied 0] . 

3) Minimum- Uncertainty Method. This method, which intuitively harks back to 
Schrodinger's discovery of the coherent states |TI| , has been applied to general Hamil- 



tonian potential systems, to obtain both generalized coherent states and generalized 



squeezed states |T^, |13[- One starts with the classical problem and transforms it into 
the "natural classical variables," Xc and Pc, which vary as the sin and the cos of 
the classical ut. The Hamiltonian is therefore of the form + X^. One then takes 
these natural classical variables and transforms them into "natural quantum oper- 
ators." Since these are quantum operators, they have a commutation relation and 
uncertainty relation: 



[X, P] = tG, {AX)\APY > ^{Cy. (6) 

The states that minimize this uncertainty relation are given by the solutions to the 
equation 

- (x + i,,. = ({X) + ^{P)) (7) 
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Note that of the four parameters (X), (P), (P^), and (G), only three are independent 
because they satisfy the equahty in the uncertainty relation. Therefore, 



AX 

{X + tBP)iJss = Cij,s, ^=AP' C=(^)+^B{P). (8) 



Here B is real and C is complex. These states, tpssiB, C), are the minimum- uncertainty 
states for general potentials Using later parlance, they are the squeezed 



states for general potentials [Q. Then B can be adjusted to Bq so that the ground 
eigenstate of the potential is a member of the set. Then these restricted states, 
ifjss^B = Bo,C) = iIjcs{Bo,C), are the minimum-uncertainty coherent states for gen- 
eral potentials. 

It can be intuitively understood that ipss{B,C) and iPss{Bq,C) are the squeezed 
and coherent states by recalling the situation for the harmonic oscillator. The coher- 
ent states are the displaced ground state. The squeezed states are Gaussians, that 
have widths different that that that of the ground state Gaussian, which are then 
displaced. 

New Ladder- Operator Method for General Squeezed States. General annihilation- 
operator (or ladder-operator) coherent states are the eigenstates of the lowering op- 
erator (given a lowest extremal state). We now propose a generalization to squeezed 
states, including those for arbitrary symmetry systems: the general ladder-operator 
squeezed states are the eigenstates of a linear combination of the lowering and raising 
operators. (See Comment III, below, concerning previous special cases.) 

We will show how the minimum-uncertainty method for obtaining generalized 
squeezed states can be used as an intuitive tool to aid in understanding the ladder- 
operator method for obtaining generalized squeezed states. We will do this with two 
specific examples. Once that is done, the ladder operator method can be applied to 
general symmetry systems, independent of whether they come from a Hamiltonian 
system in the manner of the minimum-uncertainty method above. Such is our third 
example. 

Example I. First we re-examine the harmonic oscillator, starting from the minimum- 
uncertainty method. Here X and P are obviously x and p. (We use dimensionless 
units.) Then we have 

Y = x + s^^, (9) 
dx 

where we have presciently labeled B as s^. (For the limit to coherent states, it turns 
out that B = 1.) 

Now writing x and p in terms of creation and annihilation operators, x = [a + 
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at)/y2, p= {a- a^)/{iV2), we find 



V2 



+ a' 



(10) 

Therefore, the squeezed states are eigenstates of a hnear combination of the annihi- 
lation and creation operators. Specifically, these states are 



{x-XoY . 
— :^ ^ '^Po^ 



2s' 



The relationships to the displacement operator parameters are z 



In s, 



and \/2'^{q) = po. (The phase, 0, is an initial time-displacement.) 
We note, with hindsight, that the success of this method will not be totally sur- 
prising. In many exactly solvable potential systems, the natural quantum operators 
of the minimum-uncertainty method were found to be Hermitian combinations of the 



n-dependent raising and lowering operators |13|. Here, however, one must gen- 
eralize to full operators: n n{H). Furthermore, in other harmonic-oscillator-like 
systems, with a Bogoliubov transformation, this method applies. (See below.) 



Example II. We demonstrate this method with the symmetry of the harmonic 
oscillator with centripetal barrier. Previously, the coherent states for this particular 
example were found with the minimum-uncertainty method, but not the squeezed 
states [1^. Therefore, it is an ideal system since, at the end, we can connect to the 
coherent states obtained from the minimum-uncertainty method. 



This system contains an su(l,l) algebra |T^. Its elements are 



1 rf2 Id 



V 



=F -z— ^ - + -z" 



Avdz'^ 2 dz A 4 



4^2' 



H V 
4^^ 2'' 



H 



2 /I 

dz'^ \z 



(12) 
(13) 



In terms of the X and P minimum-uncertainty operators [T^, we find 



X 



z'-[l + 



V 



H 
2^ 



P 



2(L_ - 



d 

2z— + l 

dz 



(14) 



Therefore, the squeezed states for this system are formed by the solution to the 
equation 



■ c/2 /I W 1 / z/2 



2Bu 



vC 



(15) 
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where we have changed variables to y = vz^. The squeezed state solutions to this 
equation are 













; 27Z/j 



(16) 



where <I>(a, 6; c) is the confluent hypergeometric function Y^'^=o (^^^' 1 ~ \J ^^B"^ — ^ 



4' 



and A(A + 1) = v'^. In the limit where B — ^ l/(2z/), these become the coherent states 
given in Ref. 



2^1/2g-.Ji(C) 



'A+1/2 



y\c\) 



1/2 



1/2 



(17) 



where / is the modified Bessel function. 

Example III. We now consider a symmetry system which does not have as its 
origin a Hamiltonian system. We consider the su(l,l) symmetry of Eqs. (|^, §). Our 
ladder-operator squeezed states are thus the solutions to 



l + s\ (\ 
aa + 



a) a) 



where the analogue of -B is s and the role of C is taken by Using the differential 
representations of the ladder operators, Eq. (|T8|) can be written in the form 



d 
dy 



^^^+2ys— + y^ + {s-2l3^ 



i'ss = 0. 



(19) 



Observe that the ladder operators raise and lower the number states by two units. 
Therefore, there will be two solutions to this equation, one containing only even 
number states and one containing only odd number states. We will designate these 
as ipEss and ^iposs- These solutions are 



ipEss = Ne exp 



4 ^ 2v/i^^ 



y'^y/s 



(20) 



i^oss = No y exp 



+ 



4 2^^^^ 



3 
2' 



y^\fW 



1 . (21) 
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In the limit s — 1, these become the even and odd coherent states: 



Ecs 



Ocs 



e 




1/2 


\ 1 21 


TT^/^ cosh / 


3\\ 


exp 


— V 


r e-p' 




1/2 


[ 1 2] 


^1/2 ^lYih / 


3\\ 


exp 


V 

. 2^ . 



cosh(v^/??/), 



(22) 



(23) 



Using generating formulae, these can be written in the number-state basis as 



Ecs 



[cosh|/3|r^/^E 



oo p2n 



n=0 



(2n)! 



|2n), 



(24) 



Ocs 



[sinh 



|2l-l/2 



E 



2n+l 



\2n + l). 



(25) 



„=o ^(2n + 1)! 

Up to the normalization, these are the "even and odd coherent states" previously 



found in Ref . |]15| . Although this system did not come from a Hamiltonian, one could 
have used a minimum-uncertainty principle to obtain the same states by starting 
with the commutation relation K^] = —2Kq. However, one does not obtain the 
same coherent states from the displacement-operator method. Those coherent states, 
defined by S{z)\0), are the squeezed- vacuum Gaussian of Eq. ([Tl|) with Xq = po = 0. 



Comment I. The above discussion brings us to the displacement-operator method. 
Although it is the natural method for defining coherent states for Lie algebras, there is 
as yet no well-known general extension of this method to define general displacement- 
operator squeezed states. This last has been touched upon in discussions ||T6[ about 
higher-order generalizations of the "squeeze operator," S{z). In particular, although 
harmonic-oscillator like systems admit squeeze operators (or Bogoliubov transforma- 
tions) connecting the displacement-operator and ladder-operator methods [|r^, |T^, the 
appropriate generalization of these squeeze operators have not been found. Therefore, 
for now, the ladder-operator method is generally connected only to the minimum- 
uncertainty method. 



Comment II. In this vein, for finite-dimensional representations, such as for angu- 
lar momentum coherent states, the ladder-operator method does not allow a solution 



for coherent states, although the displacement-operator method does ^j. Contrari- 
wise, for squeezed states, we observe that the opposite is true. 

Comment III. The above three examples have all been cases where A_ = (^+)^ 
Sometimes that is not the case, as in certain potential systems whose eigenenergies 
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are not equally spaced |T^, |T3]. Then, as in Eq. (0), one should use the operator 



form for "n": An — > An(H), to connect to the minimum- uncertainty method. In these 
cases, the ladder-operator coherent and sneezed states can be different than, though 
related to, their minimum-uncertainty counterparts. 



Email: "mmn@pion.lanl.gov, ''truax@acs.ucalgary.ca 

References 

[1] J. R. Klauder and B.-S. Skagerstam, Coherent States - Applications in Physics 
and Mathematical Physics (World Scientific, Singapore, 1985);. 

W.-M. Zhang, D. H. Feng, and R. Gilmore, Rev. Mod. Phys. 62, 867 (1990). 

H. R Yuen, Phys. Rev. A 13, 2226 (1976); J. N. HoUenhorst, Phys. Rev. D 
19, 1669 (1979); D. Han, Y. S. Kim, and W. W. Zachary, eds., Workshop on 
Squeezed States and Uncertainty Relations, NASA Conference Publication 3135 
(NASA, Washington, D. C, 1992). 

For a pedagogical review, see M. M. Nieto, in: Frontiers of N on equilibrium Sta- 
tistical Physics, eds. G. T. Moore and M. O. Scully (Plenum, New York, 1986) 
p. 287. 

Workshop on Squeezed States and Uncertainty Relations, ed. by D. Han, Y. S. 
Kim, and W. W. Zachary, NASA Confeence Pubhcation 3135 (1992). 

C. M. Caves, K. S. Thorne, R. W. P. Drever, V. D. Sandberg, and M. Zimmer- 
man, Rev. Mod. Phys. 52, 341 (1980). 

J. R. Klauder, J. Math. Phys. 4, 1058 (1963). 

J. R. Klauder, Annals of Physics 11, 123 (1960); J. Math. Phys. 4, 1055 (1963); 
R. J. Glauber, Phys. Rev. 130, 2529 (1963); E. C. G. Sudarshan, Phys. Rev. 
Lett. 10, 227 (1963). 

A. O. Barut and L. Girardello, Commun. Math. Phys. 21, 41 (1971); A. M. 
Perelomov, Commun. Math. Phys. 26, 222 (1972); Generalized Coherent States 
and Their Applications ( Springer- Verlag, Berlin, 1986); R. Gilmore, Lie Croups, 
Lie Algebras, and Some of Their Applications (Wiley, New York, 1974). 

B. W. Fatyga, V. A. Kostelecky, M. M. Nieto, and D. R. Truax, Phys. Rev. D 
43, 1403 (1991); V. A. Kostelecky, M. M. Nieto, and D. R. Truax, Phys. Rev. A 
(to be published). 

E. Schrodinger, Naturwiss. 14, 664 (1926). 



7 



[12] M. M. Nieto and L. M. Simmons, Jr., Phys. Rev. Lett. 41, 207 (1978); Phys. 
Rev. D 20, 1321 (1979), the first of a series concluding witli M. M. Nieto, L. M. 
Simmons, Jr., and V. P. Gutscliick, Phys. Rev. D 23, 927 (1981); M. M. Nieto, 
in Ref. |l[, p. 429, gives a summary of this program. 

[13] M. M. Nieto and L. M. Simmons, Jr., Phys. Rev. D 20, 1332 (1979). 

[14] D. R. Truax, J. Math. Phys. 22, 1959 (1981). 

[15] V. V. Dodonov, I. A. Malkin, and V. I. Man'ko, Physica 72, 597 (1974). 

[16] R. A. Fisher, M. M. Nieto, and V. D. Sandberg, Phys. Rev. D 29, 1107 (1984); G. 
D'Ariano and M. Rasetti, Phys. Rev. D 35, 1239 (1987); J. Katriel, M. Rasetti, 
and A. I. Soloman, Phys. Rev. D 35, 1248 (1987) and references therein. 

[17] T. S. Santhanam, in: Einstein Centennial Week Symposium on 'Symmetries in 
Science', ed. by B. Gruber and R. S. Millman (Plenum, NY, 1980), p. 337. 

[18] G. S. Agarwal and R. R. Puri, Phys. Rev. A 41, 3782 (1990); A. T. Filippov, D. 
Gangopadhyay, and A. P. Isaev, J. Phys. A 24, L63 (1991). 



8 



